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Abst rac t - -Th is  paper deals with the qualitative analysis of the initial value problem for a nonlin- 
ear integro-differential model, proposed by Segel and Perelson, which describes the time evolution of 
antigenes characterized by a factor defined as the generalized shape. The analysis provides existence 
and some asymptotic results in various function spaces. 
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1. INTRODUCTION 
The immune system can be regarded, at the cellular scale, as a system constituted by a large 
number of individuals, or cells, belonging to several interacting populations. Cellular interactions 
modify the behaviour of cells, and in the end, the overall behaviour of the immune system. In 
particular, its behaviour is determined by the statistical distribution of all states possessed by each 
individual playing the game. We recall, with reference to the specialized literature [1-4], that 
the fundamental variable which characterizes the binding properties of antigenes, antibodies, 
receptors, and so on, is the so called genera l i zed shape.  Interactions at a molecular level 
produce an exchange of shape which can be transferred into the description of the time evolution 
of the population of antigenes with a given shape. Modelling should provide the description of 
the time evolution of antigenes related to a given shape. 
One of the purposes of modern theoretical immunology is to provide a detailed description 
of the above outlined physical phenomenon. A mathematical model towards such an objective 
was proposed by Segel and Perelson [1] on the basis of a detailed analysis of the exchanges and 
interactions at a molecular level. Further developments of the original model can be recovered in 
the literature reported in [4]. 
The model has the structure of a nonautonomous nonlinear integro-differential equation. This 
paper deals with the qualitative analysis of the Cauchy problem related to the model proposed 
in [1]. In particular, the qualitative analysis leads to existence results in suitable function spaces. 
It  will be shown that for a particular choice of the parameters characterizing the model, the 
solution exists globally in time, while for some characterizations of the model a blow up of the 
solution is predicted. 
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The contents is organized in three sections. The first one is this introduction. The second 
one provides a description of the Segel and Perelson model. The third section deals with the 
qualitative analysis of the initial value problem. 
Indeed, it is important, for the implications in theoretical immunology, to develop the qualita- 
tive analysis of the solutions of the full nonautonomous model and of their asymptotic behaviour. 
It will be shown that solutions may also blow up in certain particular physical situations. There- 
fore, this paper completes the preliminary analysis developed in [1], where linear stability was 
studied for the autonomous system. 
2. EVOLUTION MODELS FOR THE GENERAL IZED SHAPE 
The approach by Segel and Perelson identifies the shape by a scalar quantity u with values 
in a range I -L,  L]. The model refers to the evolution of the distribution function f = f(t, u), 
where f : [0, T] × [L, L] * R+, which defines the number of antigenes that at the time t have a 
shape u. In particular, 
= I(t ,u)du, (2.1) E[Yl(t) 2-L z 
is the mean number of antigenes at the time t. 
Following [1], the evolution equation is obtained by balancing the rate of increase of f to the 
growth and depletion related to the causes origins determining the evolution of f for each fixed 
value of u. In detail, 
O--f~ (t, u) = F(u) - D[f](t, u) + R[f](t, u) + I(t, u), (2.2) 
where F is the influx from bone marrow, D is the death of unstimulated ceils, R is the reproduc- 
tion of stimulated cells, and I is the source of antigenes. 
INFLUX FROM BONE MARROW: The term F = F(u) is related to the inlet from bone marrow of 
antigenes with a given shape distribution. 
DEATH OF UNSTIMULATED CELLS: The term D is related to the natural death of cells due to 
lack of stimulation. Actually, only a fraction of cells with a certain distribution is stimulated. 
This fraction is denoted by S[y](t, u), while the fraction of unstimulated cells is (1 - S[f](t, u)). 
Following [1], it can be assumed that D is proportional to the fraction of unstimulated cells 
D[y](t, u) = ~f(t, u)(1 - S[f](t, u)), ¢ > 0. (2.3) 
More in detail, Segel and Perelson proposed a phenomenologic model such that S depends on 
the number A of u-cells activity receptor bounds and on the number B of u-cells disactivating 
receptor bounds. The behaviour is such that A Too ~ S --, 1, A ~ 0 ~ S --* 0. The simple 
expression proposed in [1] is 
S[I](t,u) = A[f](t,u) 
"y + B[y](t,u) + A[/](t,u)' (2.4) 
where 3' is a positive constant, and the operators A and B are defined as follows: 
f I? A[I] (t, u) = a(u, w)f(t, w) dw, B[I] (t, u) = b(u, w)f(t, w) dw, (2.5) L L 
where the kernels a(u, w) > 0 and b(u, w) > 0 refer to quantities which govern the activation and 
suppression of antigenes. Segel and Perelson modelled them as follows: 
[ (u 
a(u, w) = ~ exp 
L ] 
02 [ (u+w)2l (2.6) 
b(u,w) = exp [ ' 
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where CI and C2 are normalization constants according to the fact that both a and b have to be 
regarded as probability densities. 
This assumption takes into account hat the fit of the shape w to the shape u decreases from 
a maximum when w = -u ,  which corresponds to perfectly complementary shapes. Actually 
the above terms should be identified by experimental investigations. The analysis developed in 
Section 3 holds true for quite general expressions of the kernel. 
REPRODUCTION OF STIMULATED CELLS: The reproduction term is modelled by a phenomeno- 
logic law describing the fact that the reproduction exponentially decay with increasing antigenes, 
while it can be amplified or suppressed according to the fact that the growth of a clone or family of 
clones may induce either self-reinforcement or suppression effects, for positive and negative values. 
respectively, of the parameter A. The phenomenological l w proposed in [1] is the following: 
Rill(t, u) = rof(t, u)eXY(t'U)e -nE[y](t) A[f] (t, u) 
+ B[f](t,u) + A[f](t,u)' 
(2.7) 
where r0, r /> 0, and )~ E R. 
SOURCE OF ANTIGENES: The source term I = I(t, u) can be modelled in a fashion similar to 
the one of the inlet from bone marrow. The source can be assumed, in this case, to be time 
dependent. 
EVOLUTION MODEL: In conclusion, the mathematical model writes 
~t (t, u) = F(u) - /3f(t,  u) [1 - S[f](t, u)] + rof(t, u)S[f](t, u)e~f(t'U) e-rlE[f](t) -J¢- f(~, U). (~.8) 
The model is such that time scaling factors must be included in the constants ;~, r0 as well as 
in F and I. The only difference with respect o the original model proposed in [1], is in that 
terms F and I, in equation (2.8), are allowed to include the variable u in their argument. 
3. ON THE IN IT IAL  VALUE PROBLEM 
Classically, the initial value problem is obtained linking the evolution equation (2.8) to the 
initial condition for the dependent variable f
d!dt (t, u) = (Lt f)(t, u), f(O,u)=fo(u), (3.1) 
where the term (ldf)(t, u) is defined by the right-hand side term of equation (2.8). The analysis of 
problem (3.1) should provide existence, local and global, and if possible, asymptotic behaviour of 
the solutions in a suitable Banach space. In particular, the analysis hould show global existence 
and stability of equilibrium points when A _< 0. On the other hand, large positive values of ,k 
may generate blow up of solutions. 
In order to deal with the initial value problem, we need to define a function space X and 
provide suitable existence results for the solutions f = f(t) in X of problem (3.1). In the analysis 
developed below, X can be one of the following function spaces: 
• cN([-L ,  L]) is the space of all functions continuous with their derivatives, on the interval 
[ -L ,  L], up to the order N, for N -- 0, 1, . . .  ; 
• L°°(-L, L) is the space of the essentially bounded functions on the interval ( - L ,  L); 
• WI 'N(-L,  L) is, for N = 1, 2 , . . . ,  the space of functions 
Oj f } f E LX(-L,L) : -~YuJ e L I ( -L ,L) ,  j = 1 , . . . ,N  . 
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The norm in the space X is denoted by II" II. We say that a continuous function from [0, t l] into X 
is a solution to problem (3.1) in X if f is continuously differentiable on (0, tl) and (3.1) holds for 
all t E (0, tl). For f E X, we say that f > 0 (or that f is nonnegative) if f (u) > 0 for u E {-L, L]. 
when X = cN( -L ,  L), or if f (u) > 0 almost everywhere in ( -L ,  L), when X = L~( -L ,  L) (or 
when X = wI'N(-L, L)). 
Local existence and uniqueness of the solutions to the initial value problem (3.1) is stated by 
the following. 
THEOREM 1. Assume that G(t, u) =_ F(u) + I(t, u) is sufficiently smooth on [0, tl] x [-L,  L] for 
some tl > 0 and that a, b > 0 are smooth on [-L, L] x I -L,  L]. Moreover, let fo E X.  Then, 
there exists to E (0,tl], which depends upon the parameters of the model, such that the initial 
value problem (3.1) has a unique solution f(t) in X for t E [0,t0]. Moreover, f i fo > 0 and 
min G(t,u) > 0 =~ /(t)  > O, V te  [0,t0]. 
[0,to] x[-L,L] -- 
PROOF OF THEOREM 1. It is easy to show that for any choice of the parameters of the model, 
the operator/4 is locally Lipschitz continuous. Thus, local existence and uniqueness follows. In 
addition, we point out that the solution f of (3.1) satisfies, for every u E [-L,  L], the following 
integral versions of the initial value problem (3.1): 
f ( t )  = foe -at + e -a(t-s) (/4* f )  (s) ds, t E [0, to], (3.2) 
where the integral is a strong Riemann integral (see [5]), and (b/*f) = (U f )  +/~f. 
The integral formulation (3.2) yields the following inequality: 
1 
f (t)  > foe -a' + -~ rain G [1 - e-0t] ,  (3.3) 
[0,to] x[- L,L] 
for t E [0, to] and u E [-L,  L]. I 
If A < 0, then one expects that the right-hand side term in equation (3.1) does not grow too 
fast so that global existence holds. We will show that it is indeed so. On the other hand, if A > 0, 
the solution blows up, at least for A > r/in a finite time interval. 
First we consider the case A < 0. Using the integral representation of solutions to (3.1) one can 
obtain an a priori estimate that guarantees global existence and uniqueness. Indeed, if f is the 
solution to problem (3.1) on the time-interval [0, tl], then f also satisfies the following integral 
inequality: 
earl(t) < fo + e as [G(s) + (/~ + r0)/(s)] ds, (3.4) 
for t E [0, tx] and u E [-L,  L]. The above inequality also implies that the solution may become 
negative for some shape. In other words the extinction of shape can occur only if the sink of 
antigenes becomes bigger that the influence from the bone marrow. 
Finally, when Gronwall's Lemma is applied to (3.4) one obtains 
/3+ro Y0+ min G(t,u) ~+r°(2+f~)+r°2  + e r°t (3.5) 
- [O,to]x[-L,Ll ~ro (1~ + to) " 
When X = w1,N( -L ,L ) ,  the same type of estimate as in (3.5) can be obtained for the u- 
derivatives of f .  A priori estimation (3.5) combined with the facts that / / in  (3.1) is continuous 
from [0,tl] x X ~ X and it maps closed bounded sets into bounded sets, and that (3.1) has a 
local solution, implies the following global existence and uniqueness results for the solution to 
the initial value problem. 
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THEOREM 2. Assume that G(t, u) -- F(u) + I(t, u) is sufficiently smooth on [0, tl] x [-L,  L] for 
some tl > O, and that a, b >_ 0 are smooth on [-L, L] x [-L, L]. Moreover, let A _< 0. I f  
min G(t, u) _> 0, and fo E X, fo _> 0, (3.6) 
[0,tol x [-L,L] 
then there exists a nonnegative unique solution f = f(t)  to problem (3.1) in the time inter- 
val [0, h ] .  I 
Now we consider the case of positive A, and in particular, the special case A > 7]. The following 
result holds. 
THEOREM 3. Suppose that the terms a and b satisfy the inequalities 
O<c o <a(u,w)<c+o,  O<_b(u,w)<_c +, fora.a.u,  we[ -L ,L ]×[ -L ,L ] ,  
where c o and c + axe positive constants, and let 
min G(t, u) > 0, A > ~. (3.7) 
[0,to] X [--L,L] 
I f  E[f](0) is sufficiently large, the solution blows up in a finite time interval. 
PROOF OF THEOREM 3. Let f (t)  > O, then the following inequalities hold 
c-{E[y](t) < A[y](t,u) < c+E[y](t), and c2E[f](t ) < S[:](t,u) < c+E[y](t), (3.8) 
for all u ~ I -L,  L], and where c?, c +, c~ and c + are positive constants. 
Moreover, let us denote by I]" II1 the norm in the space LI[ -L ,L] .  Then, if (3.7) is satisfied, 
one has 
E[f](t) e_nEtYl(t) ' (3.9) 
IlU Y(t)ll  >_ c3 f ( t )e ay(° 1 C 4 ~ 'E[~( t )  
where c3 and c4 are positive constants. 
Convexity of the function x ~ xe ~x for x > -2/A, together with Jensen's inequality, yields 
f ( t)e ~y(t) ~ > E[f](t)e ~Etyl(t). (3.10) 
In addition, by (3.9) and (3.10) one has 
(E[f])2(t) e (A-n)Ety](t) , (3.11) 
IlU .t'(t)lll > C cTT E- 7- t ) 
where cs is a positive constant. 
Consequently, if f ( t )  E X is a nonnegative solution to problem 3.1 in the time interval [0, tl] 
and (3.7) is satisfied, then E[f](t) satisfies the following inequality: 
dE[y]  > c6(E[y])2(t) - 3E[f](t), (3.12) 
where c6 is a positive constant. If now the term E[f](t) is compared with the solution to the 
problem 
dy 
d--t = c6y2 - ~y' y(0) = Y0, (3.13) 
that is, with the function 
[( ~3 1-  1 -  ~3 e~ t (3.14) y(t) = c yo ' 
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then it can be concluded that if 
E[f](0) > f~ , (3.15) 
c6 
then E[f](t) blows up in a finite time interval. This means for all function spaces which have 
been listed above, the condition (3.7) yields nonexistence ofglobal, in time, solutions at least for 
large initial data. | 
In the above proofs, local existence is based on positivity and regularity of the terms G, a, 
and b. This assumption is certainly consistent with the physical meaning of the said terms. Global 
existence of the solutions is obtained for very general assumptions which are certainly satisfied 
by the expressions (2.6) proposed by Segel and Perelson. The essential, for global existence, 
hypothesis is A < 0. On  the other hand, the blow up of solutions is verified for A _~ ~} and under 
additional assumptions on the terms a and b, which are required to be bounded from below. This 
properties is again satisfied by the expressions (2.6). 
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